INTRODUCTION
The use of spherical shells to resist uniform external hydrostatic pressure has increased rapidly in recent years. This increased use results from the introduction of missiles and other spacecraft and also from the growing interest in hydrospace.
During the past three years, the David Taylor Model Basin has spent considerable effort developing design criteria for deep spherical shells for hydrospace applications. This effort is primarily experimental.
Machined specimens and specimens manufactured according to feasible largescale fabrication procedures are being tested. The effect of initial imperfections, residual stresses, boundary conditions, stiffening systems, and penetrations on elastic and inelastic behavior are being studied.
It became evident early in the program that the collapse strength of deep spherical shells was critically dependent upon the presence of
•HHere a deep spherical shell is contrasted to a shallow spherical shell whose height is normally assumed to be less than one-eighth of its base radius.
initial imperfections, primarily departures from perfect sphericity. However, no theory or design procedures could be found in the literature which adequately considered the effects of imperfections on either elastic or inelastic behavior. Furthermore, the magnitude of initial imperfections in the test specimens was not measured to the degree of accuracy required to evaluate the effects on collapse strength.
Because of this lack of design tools with which the desigier could rationally determine the required geometries for practical deep spherical shells, the Model Basin developed a semi-empirical method for designing and analyzing initially imperfect spheres. This "engineering type" analysis is presented in this report together with the test results of machined models designed to investigate its adequacy.
BACKGROUND
Timoshenko summarizes the classical small-deflection theory for the elastic buckling of a complete sphere as first developed by Zoelly in 1915. This analysis assumes that buckling will occur at that pressure which permits sn equilibrium shape minutely removed from the perfectly spherical deflected shape. The expression for this classical buckling pressure p, may be given as 1 i 2 E (h/R) 2 9 ZZIIIZZ^ = 1.21 E(h/Rr for u = 0.3 [1 ] 3 (1 -v2) where E is Young's modulus, h is the shell thickness, R is the radius to the midsurface of the shell, and y is Poisson's ratio.
Unfortunately, the very limited data available prior to the current Model Basin program do not support the linear theory; elastic buckling loads of roughly one-fourth those predicted by Equation [1] were observed in earlier 2 tests recorded in the literature.
Various investigators have attempted
References are listed on pa^-j 33.
to explain this discrepancy by introducing nonlinear, large deflection shell equations. In effect, their expressions for the theoretical buckling pressures resulting from the nonlinear equations take the same general form as Equation [1] . However, the elastic buckling coefficients corresponding to the minimum pressure required to keep an elastic shell in the post-buckling position are often about one-fourth of the classical coefficient and thus are generally in fair agreement with the early experiments. A more complete background on these large deflection analyses is given in References 2 and 3. 2 4 The test specimens used in the earlier tests, ' the results of which have frequently been compared to the theoretical buckling pressures for initially perfect spheres, were formed from flat plates. Thus, although little data are available, it can be assumed that these early specimens had significant departures from sphericity as well as variations in thickness and residual, stresses. Those specimens which were not complete spheres also had adverse boundary conditions. Since initial imperfections affect collapse strength, the comparison of existing theory, Based on these recent test results, an empirical equation for nearperfect spheres was suggested which predicts collapse to occur at about 0.7 times the classical pressure. This empirical equation for the elastic buckling pressure p of near-perfect spheres may be expressed as
where the use of the outer radius R is dictated by simple load equilibrium. Initially perfect shells may buckle at pressures approaching 43 percent greater than the pressure given by Equation [2] .
The inelastic buckling strength of initially perfect spheres was 9 first investigated by Bijlaard.
He obtained a plasticity reduction where E is the secant modulus, s ' E is the tangent modulus, and u is Poisson's ratio in the plastic range.
Machined deep spherical shells with ideal boundaries which collapsed at stress levels above the elastic limit of the material have also been 3 7 tested at the Model Basin. * For each model tested, Bijlaard's inelastic buckling theory (Equation [3] ) gave collapse pressures higher than the corresponding experimental collapse pressures. The collapse strength of those models which failed at stress levels above the proportional-limit were accurately calculated, however, using an empirical formula based on applying a plasticity reduction factor similar to Bijlaard's to the empirical Equation [2] . This empirical formula for the inelastic collapse pressure of near-perfect spheres may be expressed as
The secant and tangent modulus used in Equations [3] , [4] , and [5] are derived from typical stress-strain curves of the material obtained from 1 ;
simple compression specimens. In Equation [3] , it is assumed on the basis of tnin-shell theory that the stress a-, may be calculated by
In Equation [4] , the average stress a which satisfies equilibrium conditions for all thicknesses is used and may be calculated by PR 0 2 CT AVG = "~~ [6] AVt ' 2 R h It should be pointed out that Equation [4] neglects the change in
Poisson's ratio when going from the elastic range to the plastic range.
This assumption is conservative.
How well empirical Equation [4] works is demonstrated in Figure 2 .
The ordinate is the ratio of the experimental collapse pressure to the classical elastic buckling pressure. The abscissa is the ratio of the empirical inelastic collapse pressure to the classical buckling pressure.
Both the experimental elastic and inelastic buckling pressures recorded in References 3, 7, and 8 are plotted in Figure 2 since Equation [4] reduces to Equation [2] in the elastic range. It is apparent that Equation [4] adequately predicted the behavior of the machined models. However, it appears that his analysis would be extremely conservative for local "dents" and unsafe for large flat spots. No theoretical work has been conducted on the inelastic buckling strength of initially imperfect shells. Prior to the current Model Basin program, no valid experimental work has been conducted on initially imperfect deep spherical shells due to insufficient measurements of initial contours.
ANALYSIS
The strength analysis for initially imperfect spherical shells with ideal boundaries presented herein is based on observations of earlier 3 7 8 10 tests of machined models conducted at the Model Basin. ' ' '
First, an empirical analysis was developed for both the elastic and inelastic collapse strength of near-perfect spherical shells with ideal boundaries;
see Equations [2] , [4] , and [6] . Then tests were conducted to determine the relationship between unsupported arc length and the elastic and inelastic collapse strength of machined shallow spherical caps with clamped 3 10 edges. *
The test results of the spherical, caps suggested an approach to the strength analysis of initially imperfect spheres which, in essence, modifies the analysis for near-perfect spheres.
The results of the spherical segment models which failed in the elastic range are compared in Figure 3 with test results recorded in the literature * ~ " and with nonlinear synmetric and nonsymmetric theory. ' The ordinate is the ratio of the experimental collapse pressure to the classical pressure, and the abscissa is the nondimensional param-
J yTih yith where L is the unsupported arc length of the shell.
Whereas previous experiments recorded in the literature showed a complete lack of repeatability, the machined segment results followed a very definite pattern. Since the primary difference between these and earlier specimens was the magnitude of initial departures from sphericity, these results demonstrated the detrimental effects of deviations from perfect sphericity. These results also demonstrated that a short clamped segment can be weaker than a longer clamped segment. Although this phenomenon has been implied by existing theoretical studies, it found no support in the earlier experiment. It is interesting to note that for the first time there is good agreement between experiment and theory throughout the range of shallow spherical shells.
The results of the spherical segment model which failed at stress levels above the proportional limit of the material ° are presented in values in the region of 4.5 were weakened by clamping the boundary. Thus, Figure 4 demonstrates that the collapse of a spherical shell is a local phenomenon and suggests that collapse strength may be better calculated on the basis of local geometry over a critical length than on nominal geometry as has normally been used in the past. Assuming that a critical length L exists which may be associated with a 9 value of 2.2, the ex-
where h is the average thickness over a critical length and R, is the local radius to the raidsurface of the shell over a critical arc length associated with a 9 value of 2.2.
Equations [1] , [2] , [4] , and [6] may be readily expressed in terms of local geometry by
where R, is the local radius to the outside surface of the shell over a 0 critical arc length associated with a 9 value of 2.2. The primes in Equations [9] through [12] simply indicate that the local geometry is used to calculate the pressures and stresses. Equations [11] and [12] may be used to calculate the collapse strength of initially imperfect spheres which collapse in either the elastic or inelastic region since Equation [11] reduces to Equation [10] in the elastic region.
Since Equations [9] through [12] do not consider the effects of secondary moments, Equation [12] can be expected to predict the membrane stress at the center of a "flat spot." The consequence of not considering secondary moments will be most severe in the region of low ratios of elastic to inelastic collapse strength, that is, p'/pj ratios of 1.0 to possibly 2.0. The effect of secondary moments could be empirically accounted for by adjusting the data presented in Figure 4 to reflect the rigidity of the boundary conditions. However, it does not appear practical to do this for typical shells since it is difficult, if not impossible, to accurately describe the boundary condition supporting the local imperfections of critical length.
The above analysis assumes the absence ol residual stresses, mismatch, and adverse boundary conditions and penetrations. It also assumes that the shell is loaded by only hydrostatic pressure and not by additional local static loads or dynamic loads of any kind.
Equations [10] through [12] are essentially "engineering type" solutions and are not presented as a theoretical treatment of the strength of imperfect spherical shells. In this regard, it is highly desirable to develop a means by which the analysis may be readily applied to the design and evaluation of practical structures. The basic problem in applying the analysis is that it is necessary to determine the local radius over a critical arc length. One of the simplest ways to do this is to express the local radius in terms of deviations from a nominal radius or in terms of out-of-roundness. Figure 5 shows the assumed relationship between deviations from the nominal radius 6, out-of-roundness A, and local radius The results of Equation [13] are presented graphically in Figure 6 for t two rather extreme values of h /R. Very significant increases in local ' a j radius are obtained for relatively small deviations from perfect spheric-1 ity. For example, the local radius is almost 1.7 times the nominal ' radius for a A/h of 0.5. ' a '
The effect of initial deviations from sphericity is extremely im- [11] and [12] .
It should be remembered that A is associated with a critical arc length which may be calculated using Equation [8] . In practice, it is often desirable to define the critical length in terms of critical chord length L . The ratio of L /R may be easily obtained for various values cc cc of A/h and h /_ by use of the graph presented in Figure 8 .
EXPERIMENT DESCRIPTION OF MODELS
The three series of models were designed to study the effect of Series FS and VT were designed to study both the elastic and inelastic buckling strength of initially imperfect spherical shells. Thus, the ratios of shell thickness to radius were selected to study relatively stable as well as unstable configurations. Series ET was designed to study only the elastic buckling strength of spherical shells with local thin spots. 
Series VT Models
Series VT consisted of 12 machined models of hemispherical shells with local thin spots at the apex. The models were machined in a manner identical to that used for Series FS. The thin spots were obtained by removing material on the exterior surfaces and had chord lengths from about 0.17 to 1.0 times the radius.
The wall thickness of each model was measured at the apex and at the edge of the thin spot by use of a support-ball and a dial gage. Unfortunately, the initial contours were not measured.
Series ET Models
Series ET consisted of 14 machined models of spherical segments with local thin spots at the apex. The arc length of the segments was of 3 sufficient length to disregard the effect of the clamped edges. The thickness to radius ratio was selected to ensure collapse in the elastic region. The interior contours were generated using a specially designed a tool. The exterior contours were obtained by supporting the inside contours by a mating mandrel and by generating the outside surface using a lathe with a ba].l-turning attachment.
The variation in local inside radii was measured by pivoting a dial gage clamped to the special tool for generating inside spherical surfaces.
Representative measurements are shown in Table 3 . These measurements indicate that the interior contours deviated from perfect sphericity and suggest that some residual stresses were present in the models. The models could not be stress relieved since 7075-T6 aluminum loses its strength when subjected to temperatures sufficient for stress relieving.
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The comparison between experiment and theory is good, particularly for the more stable shells. The scatter shown for the less stable shells requires a closer examination of geometries involved.
The experimental results of the flat spot series models are compared with the imperfection analysis is presented in Figure 12 . The abscissa is the nondimensional parameter ß defined as
Vv^ [17] where L. is the midsurface arc length of the imperfection, R T is the radius of the midsurface of the imperfection, and h,™ is the minimum measured thickness of the imperfection.
The ordinate is the ratio of the experimental collapse pressure to the pressure predicted by Equation [11] . The thickness h was the measured thickness at the center of the flat spot. For those models with ß values greater than 2.2, R, is equal to R 0 + h (see Table 1 are not considered in the imperfection analysis, have a significant effect on the collapse strength of the less stable shells. As indicated in Table   1 , the flat spot models had abrupt changes in curvature. This would not be true for imperfections in most practical shells. Thus the flat spots investigated by this series of models were severe. Another significant result of the flat spot series tests is that the collapse strength of all models with A values less than approximately 5 percent of the thickness could be predicted by Equation [2] . Thus, the collapse strength of spherical shells whose out-of-roundness A is less than about 2 to 3 percent of the shell thickness and whose strength is not affected by residual stresses, variations in thickness, adverse boundary conditions or other factors may be adequately calculated by the empirical formula developed for near-perfect spheres.
The results of the ET series and VT series tests are plotted in Figure 13 . The abscissa is the nondimensional parameter ß as defined by Equation [17] . Again the ordinate is the ratio of the experimental collapse pressure to that predicted by Equation [11] . For those models with ß values greater than 2.2, R-. was determined from the point at the 1 0 midsurface at the center of the thin spot to a point at the midsurface located at a distance L-/2 from the center. For the ET series models, measurements made after fabrication were taken into consideration in the determination of R, . For the VT-series, nominal model dimensions were 0 used (see comments under Description of Models). The thickness h was the average of the thicknesses at these two points. The same procedure was followed in determining R, and h for those models with e values less ±Q a than 2.2. The thickness h for this case was the average of the thickness at the center of the thin spot and the thickness of the boundary spherical shell. Thus, in all cases, the determination of the critical local geometry was made over an arc length associated with the critical value of e.
Considering the severity of the imperfections machined in these models, the agreement between the analysis and experiment is quite good.
Thicknesses at the center of the thin spots ranged from approximately 50 to 80 percent of the thickness at the edge, and all of the material removed for the thin spot was taken from one side of the shell, causing significant changes in curvature. In practice, thin spots would be much less severe.
■
In addition, most of the models had relatively low margins of stability.
As indicated in Figure 13 , only one model failed at a pressure more than 10 percent below that predicted by the analysis. Many of the models failed well above predictions. The collapse of those models with fr values greater than approximately five were influenced by the nonsyiranetric mode of failure. Whereas thicknesses were averaged over the center portion of these thin spots, the models failed in the nonsymmetric mode at the boundary where thicknesses were significantly greater; see Figure 10 , Model ET-13.
Residual stresses were present in the ET series as demonstrated by their failure to hold their contour during the last stages of the machining process. Since measurements were not taken on the VT series models, it is possible that residual stresses were present. It is difficult if not impossible to determine the effects of residual stresses on the observed collapse pressures.
Several important factors are not as yet considered by the imperfection analysis presented in this report. The analysis does not consider the effects of secondary moments or adverse boundary conditions. The importance of these effects has been mentioned in discussing the model results and is shown in Figure 4 . For relatively unstable shells, the reduction in collapse strength due to adverse boundary conditions is significant. As the shells become more stable, however, these effects diminish. Another factor not considered by the analysis is the effect of residual stresses on collapse strength. It would be extremely difficult to take into account theoretically the residual stresses in a shell fabricated according to practical large-scale procedures since the residual stresses would be present in the shell in some random, unpredictable pattern. The best approach to this problem appears to be empirical. The Model Basin has conducted an experimental parametric study of large pressed and welded hemispheres in the fabricated and in the stress-relieved condition. The elastic behavior of these hemispheres agrees well with the imperfection analysis reported here. The collapse pressures achieved for the as-fabricated and stress-relieved shells follow very definite patterns when the imperfection analysis is applied. A report on the results of these tests is in preparation. The imperfection analysis presented in this report has been verified by the results obtained to date from these studies. Briefly, the analysis involves the determination of the critical local geometry of a spherical shell over an arc length associated with a 9 value of 2.2 and the use of this geometry and not nominal geometry in Equations [11 ] and [12] . In analyzing a practical spherical shell, this requires an accurate determination of the contours of the shell. Local radii may be determined from these contour measurements with the aid of Figure 6 , Thickness measurements must then be taken and correlated with the contour measurements to determine the critical value of h /R, . From the design standa J-o point, a minimum thickness must be assumed and acceptable tolerances on shape must consider realistic fabrication techniques and the effects of out-of-roundness on strength. 
